We consider variational problems where the velocity depends on a scale. After recalling the fundamental principles that lead to classical and quantum mechanics, we study the dynamics obtained by replacing the velocity by some physical observable at a given scale into the expression of the Lagrangian function. Then, discrete Euler-Lagrange and Hamilton-Jacobi equations are derived for a continuous model that incorporates a real-valued discrete velocity. We also examine the paradigm for complex-valued discrete velocity, inspired by the scale relativity of Nottale. We present also rigorous definitions and preliminary results in this direction.
Some Philosophical Principles for Physics
In this contribution, we first introduce some general philosophical hypotheses that are also widely discussed by several authors (see e.g. Bitbol [1], d 'Espagnat [4] , Filk and von Müller [5] among others). We set three hypotheses. The two first ones are of ontological type and the third one is concerned with experiments.
(H1)-Principle of Reality. It exists a reality which is independent of any observer.
(H2)-Continuous Space-time. The space-time is a continuous manifold on which the movement of particles can be described by continuous trajectories.
(H3)-Measurement and Scale. The measurement of a physical quantity (time, space, velocity, energy, etc) involves a notion of scale.
In classical physics, hypothesis (H2) is more constrained: trajectories are supposed to be differentiable or more regular. In this case, the particle velocity is uniquely defined by v = dq dt which is independent of the scale. Observe that if the trajectory is not regular (continuous but nowhere differentiable) or if some general hypothesis of continuous but non-differentiable space-time is done (as in scale relativity [12] ), hypothesis (H3) remains true but the previous velocity has no meaning. On the contrary, a discrete velocity associated with a given scale can still be well-defined.
This framework leads to a first paradigm (labelled by the letter "a" in table 1) of continuous classical physics. We recall in section 2 the main point about Euler-Lagrange and Hamilton-Jacobi equations. As noticed by Gondran [7] , a complexification of the Hamilton-Jacobi framework provides a natural introduction to the Schrödinger equation. This second paradigm (letter "b" in table 1) is shortly displayed in section 3. As a consequence the differentiability of the trajectories is lost and they can be interpreted in terms of Brownian motion (see e.g. Nelson [11] ).
In this contribution, we develop a scale point of view based on the analysis of reality associated with observations at a given discrete scale. We develop in section 4 a paradigm (labeled with the letter "c" in table 1) based on the knowledge of real-valued discrete velocities. In other words, the velocity at a given scale remains a real number. The idea of introducing discrete operators as fundamental principles of mechanics and quantum mechanics has been proposed by several authors as Greenspan [8] , Friedberg and Lee [6] and recently by Khrennikov et al. [9, 10] as well as Odake and Sasaki [13] . Nevertheless, our approach does not follow the paradigms suggested by the above references. Our objective is to develop our understanding of the ideas of Nottale [12] who introduced a set of discrete complex velocities (see the label "d" in table 1). We propose some preliminary remarks in this direction in section 5. 
Some Classical Results on Hamilton-Jacobi Equations
In order to reduce the notations, a Lagrangian function L(x, v) independent of the time is given. To fix the ideas, this Lagrangian can be chosen as
The potential energy ϕ(x) structures the space-time with objects governed by physical laws (H1), whereas the kinetic energy
catches the dynamics through the velocity. Consider a regular trajectory θ −→ X(θ) for 0 ≤ θ ≤ t and the associated action
For an arbitrary variation δt and for all C 1 -functions X and associated variations δX, we introduce the variation δA of the action. It is given by:
